We analytically study rogue-wave (RW) solutions and rational solitons of an integrable fifth-order nonlinear Schrödinger (FONLS) equation with three free parameters. It includes, as particular cases, the usual NLS, Hirota, and Lakshmanan-Porsezian-Daniel (LPD) equations. We present continuouswave (CW) solutions and conditions for their modulation instability in the framework of this model. Applying the Darboux transformation to the CW input, novel first-and second-order RW solutions of the FONLS equation are analytically found. In particular, trajectories of motion of peaks and depressions of profiles of the first-and second-order RWs are produced by means of analytical and numerical methods. The solutions also include newly found rational and W-shaped one-and twosoliton modes. The results predict the corresponding dynamical phenomena in extended models of nonlinear fiber optics and other physically relevant integrable systems.
Solitons are usually generated by the balance of linear dispersion and nonlinear self-focusing. Rogue waves (RWs), as a special type of solitary waves, are driven by a similar mechanism acting on top of a modulationally unstable flat background (alias continuous wave, CW). In particular, the celebrated nonlinear Schrödinger (NLS) equation with the self-focusing sign of the nonlinearity gives rise to both bright solitons and RWs, which are used to model nonlinear phenomena in diverse fields, such as nonlinear optics, deep ocean, plasmas, Bose-Einstein condensates, and biophysics. In nonlinear fiber optics, the correct description of tall narrow pulses produced by the RWs makes necessary to include higher-order effects, such as the stimulated Raman scattering, nonlinear group-velocity dispersion (alias the shock term), and third-order dispersion. In the general case, the addition of such terms to the NLS equation breaks its integrability, making it impossible to find solitons and RWs in an analytical form. However, under special conditions the respective extended NLS equation may keep the integrability. In particular, quite a general model of the latter type, namely, the fifth-order NLS (FONLS) equation, which includes three free parameters, was recently found. Its particular forms amount to other previously known integrable equations, such as the usual NLS, Hirota, and Lakshmanan-Porsezian-Daniel (LPD) equations. In this paper, our objective is * zyyan@mmrc.iss.ac.cn to use the integrability of the FONLS equation for constructing its exact RW solutions. Because RWs are driven by the modulational instability of flat CW states, we first present the CW solutions of this model and conditions for their modulation instability. Then we proceed to the core part of the analysis, which reveals novel exact first-and second-order RW solutions, by means of the Darboux transformation applied to the CW input. The solutions are obtained in the form of explicit rational functions of the spatial coordinate and time. In particular, interesting results are produced by the analysis of trajectories of the motion of peaks and depressions of the RW profiles. Furthermore, the obtained rational solutions include new W-shaped one-and two-soliton modes of the FONLS equation. The analysis developed in this work and results produced by it may suggest new possibilities to analyze other sophisticated nonlinear models of practical significance.
I. INTRODUCTION
Rogue waves (RWs, also known as monster waves, killer waves, giant waves, extreme waves, etc.) [1, 2] , as a kind of localized modes, are generated, in the paradigmatic form [3] , by the self-focusing nonlinear Schrödinger (NLS) equation for wave amplitude ψ (x, t),
as a limit case of the Ma-breather [4] or Akhmedievbreather [5] solutions on top of a flat continuous-wave (CW) state, which is subject to the modulational instability (MI) [5] . This equation is written in terms of the guided-wave notation, with x and t being the propagation distance and reduced time, respectively [6, 7] . The RWs are sometimes called rogons, if they reappear unaffected in the size and shape after their interactions [8] .
The RW phenomenon was initially found in the deep ocean [1, 2] . Recently, it has also drawn growing interest in other fields, such as Bose-Einstein condensates (BEC), nonlinear optics, plasma physics, and even dynamics of financial markets [9] [10] [11] [12] [13] [14] [15] . Generally speaking, the RWs are spatially and temporally localized excitations which seem "to appear from nowhere and disappear without a trace" [16] , that makes it difficult to systematically observe them in the ocean, where they had been originally spotted. The origin of the RWs is still a subject of discussions [17] , stimulating the development of various theoretical approaches and laboratory experiments [18, 19] . In particular, it is well established that the MI of the CW background, also known as the Benjamin-Feir instability [20] , plays a pivotal role in the generation of RWs [21] [22] [23] [24] .
In addition to the basic RW solutions of the NLS equation, RWs have been found in related integrable equations including higher-order dispersion and nonlinearity terms, such as Hirota [25] , Sasa-Satsuma [26, 27] , Gerdjikov-Ivanov [28, 31] , Lakshmanan-PorsezianDaniel (LPD) [29] , quintic NLS [30] , modified NLS [31] , and Davey-Stewartson [32] equations, the derivative NLS equations of the Chen-Lee-Liu and Kaup-Newell types [33] , coupled NLS equations [35, 36] , three-wave equations [37] , and various modifications of these models with variable coefficient [38] [39] [40] . Finding RWs and rational solitons of other nonlinear wave equations in the field of nonlinear science remains a relevant subject.
Recently, Chowdury et al. [41] reported an integrable three-parameter fifth-order NLS (FONLS) equation, written as
where ψ ≡ ψ(x, t) is a complex field, subscripts denote partial derivatives with respect to the corresponding variables, while α, γ, and δ are all real parameters. Further, S(ψ) denotes the NLS part
H(ψ) stands for the Hirota part,
and Q(ψ) is the quintic part,
where ψ * stands for the complex conjugate of ψ. This equation (2) is a member of the NLS hierarchy introduced by Kano [42] and contains many special cases. When α = γ = δ = 0, Eq. (2) reduces to the fundamental NLS equation (1) . As γ = δ = 0, it becomes the Hirota equation [43] . When α = δ = 0, it is the LPD equation [44] . All these particular nonlinear wave equations are integrable, and the respective soliton solutions have been obtained using different methods. Equation (2) with α = γ = 0 is also integrable, and its soliton and breather solutions are available too [30, 41] .
To the best of our knowledge, rational RW solutions of Eq. (2) with arbitrary parameters (α, γ, and δ) have not been reported before. In this work, we aim to produce such localized solutions and study their dynamical properties by means of the generalized Darboux transform.
The rest of the paper is organized as follows. In Sec. II, the Lax pair and Darboux transform with nonzero CW background are introduced for Eq. (2). In Sec. III, the MI of the CW states is investigated, as the driving mechanism behind the existence of RWs. In Sec. IV, the first-and second-order RW solutions for Eq. (2) are explicitly found by means of the Darboux transform applied to the flat CW. Trajectories of motion of peaks and depressions of the derived RWs are explicitly considered, to demonstrate the structure and dynamics of these patterns. Rational W-shaped solitons of the FONLS equation, which differ from the usual bright and dark solitons, are also found for special parameter values. The paper is concluded by Sec. V.
II. THE LAX PAIR, DARBOUX TRANSFORM, AND CW SOLUTIONS
Equation (2) is integrable in terms of the corresponding Lax pair, which can be obtained as the compatibility condition, R xt = R tx , i.e.,, U x − V t + [U, V ] = 0, for the following linear spectral problem [41] :
where λ is a complex spectral parameter, the Jost function R ≡ R(x, t) is a column vector given by
Based on the Lax pair of an integrable nonlinear wave equation, the Darboux transform is a powerful method for generating soliton and breather solutions, using a zero solution or a flat CW as the "seed" solution [48] . The hierarchy of multisoliton states [45] can be derived starting from zero, while solutions related to the MI [46] are obtained starting from the CW.
The Darboux transform for Eq. (2) is given by
where n = 0, 1, 2, ..., ψ n (x, t) is a seed solution of Eq. (2), while ψ n+1 (x, t) is a new solution generated from ψ n (x, t), while r n+1 (x, t) and s n+1 (x, t) are solutions of the linear spectral problem based on Eqs. (3)- (7), with ψ(x, t) substituted by ψ n+1 (x, t). We here choose λ = i in system (3)- (7), as this value of the spectral parameter corresponds to RW solutions of Eq. (2).
The zero seed solution was employed to build multisoliton solutions of Eq. (2) in Ref. [41] . In order to use the Darboux transform (8) for obtaining RW solutions of Eq. (2), we here take the CW solution of Eq. (2),
as the seed, where a = 0 and c are arbitrary real constants, and
Lastly, we note that FONLS equation (2) is invariant under the following scale transformation:
where µ is an arbitrary real constant. We stress that this invariance is different from that for the NLS equation [34] .
III. THE MODULATIONAL INSTABILITY (MI) OF CW STATES
To investigate the MI of the CW solution (9), subject to constraint (10), we add perturbations φ (x, t) with an infinitesimal amplitude ε,
which is followed by the derivation of the linearized equation for the perturbation:
Relevant solutions to Eq. (12) with wavenumber k and frequency ω are sought for as
where F and G are real amplitudes. The substitution of ansatz (13) into Eq. (12) readily leads to the following dispersion relation for the perturbations, obtained as the condition for the existence of nontrivial solutions for F and G:
(14) It followsf rom Eq. (14) that we know the wavenumber k is complex for frequencies interval |ω| < 2|a|, hence the CW states are subject to the MI, and RW patterns may be expected as solutions of Eq. (2) in this case.
IV. ROGUE WAVES, RATIONAL SOLITONS, AND THE DYNAMICAL ANALYSIS
A. First-order rational solutions and trajectories of extreme points
We choose a = 1 and c = 0 in the seed solution given by Eqs. (9) and (10), i.e.,
Solving the linear spectral problem (3)- (7) with λ = i and the seed solution (15) yields eigenfunctions
where c 0 is an arbitrary nonzero constant, and v, B are given by
Then, substituting solution (15) and eigenfunctions (16) into the Darboux transform (8), we obtain the firstorder rational solution of Eq. (2) as
where we define
From the first-order rational solution (18) of Eq. (2), the corresponding first-order RW solutions can be obtained also for the Hirota, LPD, and quintic NLS equations, by choosing the respective values of α, γ, and δ, as specified in Introduction. For example, for (i) α = δ = γ = 0, we also find the known first-order RW solution of the self-focusing NLS equation,
(ii) for δ = γ = 0, we obtain the first-order RW solution of the Hirota equation,
(iii) for α = δ = 0, the first-order RW solution of the LPD equation is obtained:
In the following we will analyze the solution (18) for two different cases γ = −1/12 and γ = −1/12, which display the distinguish profiles of solution (18). With γ = −1/12, the rational solution (18) of Eq. (2) is just its the first-order RW solution. To analyze dynamical properties of the RW solution, we consider its intensity,
It is easy to see that expression (20) has three critical points,
which are three real roots of system {∂ |ψ 1 (x, t)| 2 /∂t = 0, ∂ |ψ 1 (x, t)| 2 /∂x = 0} (see Appendix A). Further, the critical point (x 1 , t 1 ) is a maximum (peak), as
and
at point (x 1 , t 1 ), which makes the meaning of condition γ = −1/12 obvious. Similarly, two critical points (x 2,3 , t 2,3 ) are minima (depressions), as 
at points (x 2,3 , t 2,3 ). Note that these critical points, (x j , t j ), j = 1, 2, 3, do not depend on parameters α, γ, and δ.
FIG. 3. (Color online). (a)
The density evolution and (b) 2D density contour plots for the first-order RW solution (18) at α = γ = δ = 1. The corresponding motion of peaks and depressions is displayed in Fig. 1 .
FIG. 4. (Color online). (a)
The density evolution and (b) 2D density contour plots for the first-order RW solution (18) at α = −5, γ = 3 and δ = 1. The corresponding motion of peaks and depressions is displayed in Fig. 2 .
The evolution of the first-order RW solution can be characterized by trajectories of peaks and depressions [47] . The trajectory of the peak's center is given by the dependence of its temporal coordinate, T h , on x. It follows from Eq. (18) that
and the temporal coordinates, T c± , of centers of the two depressions are given by
Thus, the motion of the peak is totally determined by parameter v = 6(α + 5δ) defined in Eq. (17), while the RW width, which is defined as the temporal distance between the two depressions, i.e.,
is determined by parameter B = 12γ + 1, which is also defined by Eq. (17) . Thus, from the full set of three constants α, γ, and δ in Eq. (2), two parameters, α and δ, control the motion of the RW peak in solution (18) , while the third parameter, γ, determines the temporal distance between the two depressions. To illustrate the structure and dynamical properties of the first-order RW solution (18) at different parameters, we choose sets (α = 1, γ = 1, δ = 1) and (α = 5, γ = 3, δ = 1) to display traces of peak (23) and depressions (24) in Figs. 1(a) and 2(a) . Further, the evolution of the absolute value of the field at the peak and depression points is shown in Figs. 1(b,c) and 2(b,c) .
Lastly, 2D density contour plots of the RW solution (18) are presented in Figs. 3 and 4 for different parameters.
The first-order rational soliton with γ = −1/12
For the case of γ = −1/12, we find that rational solution (18) becomes a solitary-wave solution of Eq. (2),
which is a rational soliton-like solution of (2) with properties 
at three critical points (26) [in agreement with Eqs. (21) and (22)], hence the points cannot be characterized on the basis of this equation.
On the other hand, the critical point (x 1 ,t 1 ) is a maximum (peak), as
at this point (see Figs. 5 and 6 ). Similarly, two critical points (x 2,3 ,t 2,3 ) are minima (depressions), as
at these points (see Figs. 5 and 6) .
B. Second-order rational solutions and trajectories of extreme points
To produce second-order RW solution of Eq. (2), we choose the first-order rational solution (18) found above as a new seed. Substituting it into the linear spectral problem based on Eqs. (3)- (7) with λ = i, we solve it to generate new complex functions r 2 (x, t) and s 2 (x, t),
where r 2j (x, t) and s 2j (x, t) (j = 1, 2) are given by ξ
with expressions B, v, D 1 (x, t) given by Eqs. (17) and (19) .
Substituting expressions (28) and (29) into system (27) and using Darboux transform (8) yields exact secondorder rational solutions of Eq. (2) as
(30) Cumbersome expressions for real functions D 2 (x, t), G 2 (x, t), and K 2 (x, t) are given in the Appendix B. Particularly, for cases (i) α = δ = γ = 0, (ii) δ = γ = 0, and (iii) α = γ = 0, solution (30) yields the secondorder RW solutions of NLS, Hirota, and LPD equations, respectively.
FIG. 8.
(color online). The same as in Fig. 7 , but for parameters α = −5, γ = 3, and δ = 1. To analyze dynamical properties of the second-order RW solution (30) with γ = −1/12, we first consider its intensity in the form of
.
Unlike the first-order rational solution (18) , the peak and depressions of |ψ 2 (x, t)| 2 cannot be obtained in an analytical form for expression (31) since we need to analytically solve two algebraic equations of the eleventh order for x and t, which are generated by A characteristic difference of the second-order RW pattern from its first-order counterpart is that, in a limited interval of the evolution variable [namely, |x| < 0.149 and |x| < 0.152 in Figs. 7(a) and 8(a) , respectively], in addition to the set of the single peak and two depressions, a new peak-depression pair appears.
To better represent the relevant solutions close to x = 0, trajectories of the peaks and depressions, and the evolution of the respective absolute values in the interval of |x| ≤ 0.01 are displayed, for different parameters, in Cumbersome expressions for real functions D 2γ (x, t), G 2γ (x, t), and K 2γ (x, t) are given in the Appendix C. Some profiles of two-soliton solutions (32) are displayed in Figs. 13 and 14 for α = 1, δ = 1 and α = −5, δ = 1, which display elastic interactions of two solitary waves. It follows from Fig. 14 that the amplitude of one solitary wave grows to a high limit value, and for the other solitary wave the amplitude falls to a low limit value at |x| → ∞. 
V. CONCLUSIONS AND DISCUSSIONS
We have explicitly obtained the first-and secondorder RW (rogue-wave) and rational-soliton solutions of the integrable fifth-order NLS equation belonging to the NLS hierarchy. It includes the fifth-order-dispersion and quintic-nonlinearity terms with three arbitrary real parameters [α, γ, and δ in Eq. (2)]. Several familiar in- tegrable models, such as the classical-NLS, Hirota, and LPD equations are particular cases of the FONLS equation, corresponding to particular values of α, γ, and δ, therefore, the previously studied RW solutions of those equations can be obtained as particular cases of our solutions (18) and (30) .
The MI (modulation instability) of the flat CW background has been investigated in the framework of the FONLS equation, as it drives the formation of the RWs. The first-order RW exhibits one peak and two mutually symmetric depressions, while the second-order pattern generates an extra peak-depression pair, in a limited interval of the evolution variable. The location and motion of the peaks and depressions have been identified, in analytical and numerical forms. The structure and evolution of the RWs were elucidated by means of the density plots. Moreover, for the special case γ = −1/12, we obtain the corresponding one-and two-soliton solutions of Eq. (2), which are rational and W-shaped, being different from the usual bright and dark solitons.
We expect that the predicted results may be observed experimentally in various physical settings described by the general FONLS equation. It may be interesting to extend the analysis by further producing more complex patterns, such as those corresponding to third-order RWs and rational solitons, which will be studied in the future. 
